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History

§1 History of almost Gorenstein rings

@ In 1997, B. Barucci and R. Froberg ([BF])
- one-dimensional analytically unramified local rings

@ In 2013, S. Goto, N. Matsuoka and T. T. Phuong ([GMP])
- one-dimensional Cohen-Macaulay local rings

Naoki Taniguchi (Meiji University) Almost Gorenstein rings of higher dimension March 7, 2015



History

§1 History of almost Gorenstein rings

@ In 1997, B. Barucci and R. Froberg ([BF])
- one-dimensional analytically unramified local rings

@ In 2013, S. Goto, N. Matsuoka and T. T. Phuong ([GMP])
- one-dimensional Cohen-Macaulay local rings
which are not necessarily analytically unramified.

Naoki Taniguchi (Meiji University) Almost Gorenstein rings of higher dimension March 7, 2015



History

§1 History of almost Gorenstein rings

@ In 1997, B. Barucci and R. Froberg ([BF])
- one-dimensional analytically unramified local rings

@ In 2013, S. Goto, N. Matsuoka and T. T. Phuong ([GMP])
- one-dimensional Cohen-Macaulay local rings
which are not necessarily analytically unramified.

Question 1.1

If it's possible, what's the definition of almost Gorenstein rings of higher
dimension?
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History
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Almost Gorenstein local rings

§2 Almost Gorenstein local rings

Setting 2.1

@ (R,m) a Cohen-Macaulay local ring with d = dim R.
@ d the canonical module Kg.

@ |R/m| = 0.

Definition 2.2

We say that R is an almost Gorenstein local ring, if 3 an exact sequence

0—-R—->Kr—>C—0

of R-modules such that ur(C) = el (C).
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Almost Gorenstein local rings

Therefore in Definition 2.2, if C' # (0), then C' is Cohen-Macaulay and
dimg C = d — 1. Moreover

/LR(C) = elon(c) — mC = <f27f37 .. '7fd)c

for some fo, f3,..., fg € m.
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Almost Gorenstein local rings

Therefore in Definition 2.2, if C' # (0), then C' is Cohen-Macaulay and
dimg C = d — 1. Moreover

/LR(C) = elon(C) — m( = (f27f37 .. '>fd)c
for some fo, f3,..., fg € m.

Hence C' is a maximally generated Cohen-Macaulay module in the sense
of B. Ulrich (cf. [2]), which is called an Ulrich R-module.

Remark 2.3
Suppose that d = 1. Then TFAE.

(1) R is almost Gorenstein in the sense of Definition 2.2.

(2) R is almost Gorenstein in the sense of [GMP, Definition 3.1].
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Almost Gorenstein local rings

Example 2.4
k[[2%, ¢4, £°]].

E[[te, tott ... t2073 12071)] (a0 > 4).

1
2

3) k[[X,Y, Z]]/(X,Y)N (Y, Z)N (Z,X).

(1)
(2)
(3)
(4) Suppose that R is not Gorenstein. If R is an almost Gorenstein local

ring, then R is G-regular.

(5) 1-dimensional finite CM-representation type.

(6) 2-dimensional rational singularity.
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Almost Gorenstein local rings

Theorem 2.5 (NZD characterization)

(1) If R is an almost Gorenstein local ring of dimension d > 1, then so is
R/(f) for genaral NZD f € m.

(2) Let f € m bea NZD on R. If R/(f) is an almost Gorenstein local
ring, then so is R. When this is the case, f ¢ m?, if R is not
Gorenstein.
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Almost Gorenstein local rings

Theorem 2.5 (NZD characterization)

(1) If R is an almost Gorenstein local ring of dimension d > 1, then so is
R/(f) for genaral NZD f € m.

(2) Let f € m bea NZD on R. If R/(f) is an almost Gorenstein local
ring, then so is R. When this is the case, f ¢ m?, if R is not
Gorenstein.

Corollary 2.6

Suppose that d > 0. If R/(f) is an almost Gorenstein local ring for every
NZD f € m, then R is Gorenstein.
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Almost Gorenstein local rings

Example 2.7

Let U = k[[X1, X, ..., X, Y1, Yo, ..., Y, ]] (n > 2) be the formal power
series ring over an infinite field £ and put

R =U/I,(M),
where Io(M) denotes the ideal of U generated by 2 x 2 minors of the
matrix
M= (320 %)

Then R is almost Gorenstein with dimR =n+1 and r(R) =n — 1.
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Almost Gorenstein local rings

Proof of Example 2.7.
Notice that

o {X; —Yi_1}i<i<n (here Yy =Y,,) forms a regular sequence on R

o R/(Xz — Y;‘,l | 1< < ’I’L)R = ]{f[[Xl,XQ’,XnH/IQ(N) = S,

_ (X1 X2 Xpo1 X
where N = (X2 Xa o X Xi >

Then

@ S is Cohen-Macaulay with dim S =1,

2

o n®=uzxmmand Kg = (z1,29,...,Tp-1),

where n is the maximal ideal of S, x; is the image of X; in S. Hence S is
an almost Gorenstein local ring, since n(z1,z2,...,2n—1) C (x1). Thus R
is almost Gorenstein. O
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Almost Gorenstein local rings

Theorem 2.8

Let (S,n) be a Noetherian local ring, ¢ : R — S a flat local
homomorphism. Suppose that S/mS is a RLR. Then TFAE.

(1) R is an almost Gorenstein local ring.

(2) S is an almost Gorenstein local ring.
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Almost Gorenstein local rings

Theorem 2.8

Let (S,n) be a Noetherian local ring, ¢ : R — S a flat local
homomorphism. Suppose that S/mS is a RLR. Then TFAE.

(1) R is an almost Gorenstein local ring.

(2) S is an almost Gorenstein local ring.

Therefore

@ R is almost Gorenstein <= R[[X1, Xo,...,X,]] (n > 1) is almost
Gorenstein.

@ R is almost Gorenstein <= R is almost Gorenstein.
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Semi-Gorenstein local rings

§3 Semi-Gorenstein local rings

In this section we maintain Setting 2.1.

Definition 3.1

We say that R is a semi-Gorenstein local ring, if R is an almost
Gorenstein local ring which possesses an exact sequence

0—-R—->Kr—>C—0

such that either C' = (0), or C' # (0) and C = ®{_,C; for some cyclic
R-submodule C; of C.
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Semi-Gorenstein local rings

Therefore, if C' # (0), then
C; = R/p; for 3 p; € Spec R

such that R/p; is a RLR of dimension d — 1.
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Semi-Gorenstein local rings

Therefore, if C' # (0), then
C; = R/p; for 3 p; € Spec R
such that R/p; is a RLR of dimension d — 1.
Notice that
@ almost Gorenstein local ring with dim R =1

@ almost Gorenstein local ring with r(R) < 2

are semi-Gorenstein.

Proposition 3.2

Let R be a semi-Gorenstein local ring. Then R is semi-Gorenstein for
Vp € Spec R.
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Semi-Gorenstein local rings

Theorem 3.3

Let (S,n) be a RLR, a C S an ideal of S withn =htga. Let R = S/a. Then
TFAE.

(1) R is a semi-Gorenstein local ring, but not Gorenstein.

(2) R is Cohen-Macaulay, n > 2, r =x(R) > 2, and R has a minimal S-free
resolution of the form:

0 F,=98F_1=S"%F,_,—5 - —>F>F=8S>R—0

where Y21Y22 - Y20 Y31Y32- - Y3e  ccc YrlYr2 - Yre 212200 Zm
I21X22 Ty 0 0 0 0
] — 0 r31232 23 0 0 0 7
0 0 0 Tp1Zr2 - Tpp 0

b=n+1,qg>r—1)0m=q— (r—1)¢ and x;1,22,...,2 is
a part of a regular system of parameters of S for 2 < Vi < r.
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Semi-Gorenstein local rings

When this is the case,

T
a= (212, 2m)+ Ty (¥l g2ty
=2
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Semi-Gorenstein local rings

Example 3.4
Let ¢ : S = K[[X,Y, Z,W]] — R = k[[t°, 19,7, 47]] be the k-algebra map
defined by
P(X) =2, o(Y) =1° p(Z) =t"and (W) =1".
Then
0552M g6 465 45 53R,
where

tM — (W X2 XYYZY?*-XZ ZZfXW')
XY Z W 0 0 :

Hence R is semi-Gorenstein with r(R) = 2 and

2 2 17 2
Kero=(Y?-XZ,2° - XW)+ L (Y X XY vz).
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Almost Gorenstein graded rings

54 Almost Gorenstein graded rings

Setting 4.1

e R= @nzo R, a Cohen-Macaulay graded ring with d = dim R

(Ro,m) a local ring

3 the graded canonical module Kg

im:mR—i-R+
@ a=a(R)

©

IR/m| = oo
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Almost Gorenstein graded rings

Definition 4.2

We say that R is an almost Gorenstein graded ring, if 3 an exact sequence

0= R—Kgr(—a) = C—=0

of graded R-modules such that pup(C) = e)(C).

Notice that

@ R is an almost Gorenstein graded ring
= Ryn is an almost Gorenstein local ring.
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Almost Gorenstein graded rings

Example 4.3

Let R = k[X1, X2,...,Xq4] (d > 1) be a polynomial ring over an infinite
field k. Let n > 1 be an integer.

@ R™ = k[R,] is an almost Gorenstein graded ring, if d < 2.

@ Suppose that d > 3. Then R(™ is an almost Gorenstein graded ring
if and only if n |d or d =3 and n = 2.
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Almost Gorenstein graded rings

Theorem 4.4 (Goto-lai [3])

Let A be a Gorenstein local ring, I C A an ideal of A. If G = gr;(A) is
an almost Gorenstein graded ring, then G is Gorenstein.
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Almost Gorenstein graded rings

Theorem 4.4 (Goto-lai [3])

Let A be a Gorenstein local ring, I C A an ideal of A. If G = gr;(A) is
an almost Gorenstein graded ring, then G is Gorenstein.

Theorem 4.5

Let (A, m) be a Gorenstein local ring of dimension d > 3 and () a
parameter ideal of A. Then TFAE.

(1) R(Q) is an almost Gorenstein graded ring.
(2) Q=m
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Almost Gorenstein graded rings

Our goal is the following.

Theorem 4.6

Let (A,m) be a Cohen-Macaulay local ring with |A/m| = co, 3K 4. Let [
be an m-primary ideal of A.

If G = gr;(A) is an almost Gorenstein graded ring and r(G) = r(A), then
A is an almost Gorenstein local ring.
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Almost Gorenstein graded rings

Thank you very much for your attention.
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